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Abstract

Mixture models for visual working memory tasks using continuous report recall are highly popular measurement models
in visual working memory research. Yet, efficient and easy-to-implement hierarchical Bayesian estimation procedures that
flexibly enable group or condition comparisons are scarce. Specifically, most software packages implementing mixture
models have used maximum likelihood estimation for single-subject data. Such estimation procedures require a large num-
ber of trials per participant to obtain robust and reliable estimates. This problem can be solved with hierarchical Bayesian
estimation procedures that provide robust and reliable estimates with lower trial numbers. In this tutorial, we illustrate how
mixture models for visual working memory tasks can be specified and fit in the newly developed R package bmm. The benefit
of this implementation over existing hierarchical Bayesian implementations is that bmm integrates hierarchical Bayesian
estimation of the mixture models with an efficient linear model syntax that enables us to adapt the mixture model to practi-
cally any experimental design. Specifically, this implementation allows for varying model parameters over arbitrary groups
or experimental conditions. Additionally, the hierarchical structure and the specification of informed priors can frequently
improve subject-level parameter estimation and solve estimation problems. We illustrate these benefits in different examples
and provide R code for easy adaptation to other use cases.
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In research on visual working memory, participants are often
asked to remember and reproduce continuous features of
visual objects such as their color or orientation (Prinzmetal
et al., 1998; Wilken & Ma, 2004). These continuous repro-
duction tasks produce rich data that are often analyzed by
mixture measurement models. Using such models allows
researchers to dissociate relevant aspects of behavioral per-
formance such as the precision of the memory representa-
tion versus the probability of recalling the correct feature
(Zhang & Luck, 2008; Bays et al., 2009; Oberauer et al.,
2017; Oberauer, 2022). Although mixture models have been
widely applied by many researchers in the field,' a flexible,
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well-documented, and easily accessible means for efficient
hierarchical Bayesian estimation of these models is lack-
ing. This tutorial provides an implementation of three highly
popular measurement models for visual working memory
tasks using the R package brms (Biirkner, 2018b) and our
newly developed bmm R package (Popov & Frischkorn,
2024).

In the continuous reproduction task (sometimes also
called delayed estimation task), participants encode a set
of visual objects into visual working memory and are then
asked to reproduce a specific feature of one cued object on a
continuous scale at test (see Fig. 1 for an illustration). Most
often, the features used in these tasks are colors sampled

! For example, a Google Scholar query for “‘mixture model” AND
‘visual working memory’” returns 930 results; the article by Zhang
and Luck (2008) which introduced mixture modeling in visual work-
ing memory has been cited 1677 times; the MATLAB package Mem-
Toolbox which implements various mixture models for visual work-
ing memory has been cited 252 times (Suchow et al., 2013).
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Fig. 1 Illustration of a typical continuous reproduction task using
colored squares as visual objects. Participants should remem-
ber which color was presented at which location, and after a short
retention interval, they are asked to reproduce the color of the cued
item by selection on the color wheel. The dependent variable is the
response error, which is the deviation of the selected response from
the originally presented color (illustrated by the arc)

from a color wheel (Wilken & Ma, 2004) or continuous ori-
entations of a bar or a triangle (Bays et al., 2011). The set
of to-be-remembered objects typically consists of one up
to eight objects spatially distributed over the screen. Thus,
participants must associate the to-be-remembered features
(e.g., color or orientation) with the spatial locations at which
they are presented. The precision of the representation of
an object’s feature in visual working memory is measured
as the angular deviation from the true feature presented at
encoding.

Benefits of using cognitive measurement
models over behavioral performance
measures

In such tasks, the simplest measure of performance is the
average deviation of the response from the true feature value.
In many studies, this average recall error has been the main
dependent variable for evaluating the effect of experimental
manipulations. Yet, the average recall error confounds dif-
ferent properties of memory representations and does not
sufficiently represent the theoretical processes assumed by
current models of visual working memory. Therefore, dif-
ferent measurement models have been proposed to formal-
ize distinct aspects of visual working memory models and
how they translate into observed behavior (for an overview
of currently proposed measurement models, see Oberauer
et al., 2017; Oberauer, 2022).

@ Springer

Measurement models for the continuous reproduction
task provide a more refined representation of memory pro-
cesses because they decompose the average recall error
into several theoretically meaningful parameters. The three
measurement models we will be addressing in this tutorial
paper are (a) the two-parameter mixture model (Zhang &
Luck, 2008), (b) the three-parameter mixture model (Bays
et al., 2009), and (c) the interference measurement model
(Oberauer et al., 2017). The first two models are mathemati-
cally equivalent to constrained versions of the interference
measurement model (Oberauer et al., 2017).2 At the core of
these models is the assumption that responses in continu-
ous reproduction tasks can stem from different distributions
depending on the continuous activation of different memory
representations or the cognitive state a person is in at recall
(see Fig. 2).

The two-parameter mixture model distinguishes two
states: (a) having a representation of the cued object with
a certain precision of its feature in visual working memory
(see solid blue distribution in Fig. 2) versus (b) having no
representation in visual working memory and thus guess-
ing a random response (see the dashed red distribution in
Fig. 2). Responses based on a noisy memory representa-
tion of the correct feature come from a circular normal
distribution (i.e., von Mises) centered on the correct fea-
ture value, while guessing responses come from a uniform
distribution along the entire circle. The three-parameter
mixture model adds a third state, namely confusing the
cued object with another object shown during encoding
and thus reporting the feature of the other object (see
long dashed green distribution in Fig. 2). Responses from
this state are sometimes called non-target responses or
swap errors. Finally, the interference measurement model
reformulates these states in terms of different continuous
sources of activation—that is, background noise, general,
and context activation—and additionally accounts for the
spatial proximity between items, predicting that confusion
between spatially close items is more likely than between
distant items. For all three models, the resulting observed
recall distribution is a weighted mixture of the different
distributions included in the model (see the dotted black
line in Fig. 2).

When applied to the data, the first two mixture models
estimate the following parameters: k, which is the precision

2 In addition to the measurement models we present and discuss
here, there are other, more recent measurement models such as the
target competition confusability model (TCC; Schurgin et al., 2020)
or the signal discrimination model (SDM; Oberauer, 2021). How-
ever, these models differ in their underlying assumptions and are
formally distinct from the models we discuss here. Therefore, we
decided against including these models in this tutorial. The discussion
includes a more detailed description of their differences.



Behavior Research Methods (2025) 57:144

Page3of33 144

probability of report

guessing

— — — — —

cued object

other object

7%
4 Y

£ 2 -1

0

1 2 3

deviation from cued object (in radians)

Fig. 2 In the described measurement model, the probability of report-
ing a certain feature value depends on the cognitive state a person is
in at recall. If the person recalls the cued object, it will report val-
ues following the solid blue distribution. If the person recalls another
object, it will report values following the long dashed green distribu-

of the von Mises distribution of memory representations
(which is the inverse of o, the standard deviation of the circu-
lar normal distribution); p,.,, the probability that a response
comes from memory of the correct feature; p,,, reer> the
probability that a response comes from memory of an incor-
rect feature associated with another object in memory; and
Pauessings the probability that a response is a random guess.
In the two-parameter mixture model, p,q, argee =0 and
Pmem + Pguessing = 1, While in the three-parameter mixture
model pyem + Pron-target + Pguessing = 1- Formally, according
to the mixture models, the probability of responding with
a feature x is

S M (s )

P(x) = pmemVM(X;Ml > K) +pnan—target n—1 + pguessVM(X;ovo)

(1)
where vM is the von Mises distribution, y, is the location
of the target feature, y; represents the locations of the i non-
target features, and vM(x;0,0) is the von Mises distribution
with O precision, which is equivalent to a uniform circular
distribution. Finally, n specifies the number of features to be
held in memory (i.e., set size).

tion centered on the other object value. If the person cannot recall
anything, it will be guessing a random value following the dashed red
distribution. Depending on the relative proportions of these distribu-
tions, the overserved responses will follow the black-dotted mixture
of all distributions

The interference measurement model (IMM) further
decomposes the probabilities of selecting a target, a non-
target, or random guessing into continuous sources of activa-
tions for context activation c, general or item activation a,
and background noise b. In addition, the IMM introduces a
generalization gradient that assumes that context cues will
generalize dependent on the distance D; to other items j fol-
lowing a Laplace distribution with a slope s. This means
that the model predicts that swaps to other items that are
more similar in context (e.g., are close to the item cued for
recall) are more likely than swaps to items less similar in
context. Specific details on this decomposition are described
by Oberauer et al. (2017) as well as the bmm documenta-
tion. Formally, the probabilities for recalling the correct
item, committing a swap error, or random guessing can be
expressed as a function of the IMM parameters:

ct+a
b+zj'.1:l cxe™Pita
> exe™Pia

Pswap = b+2?:1 cxe*Pita
b

pmem -

Pguess = n —s%D;
8 b+2j:1 cxe U +a
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Benefits of hierarchical Bayesian parameter
estimation over non-hierarchical frequentist
parameter estimation

Until recently, most researchers have used custom-built code
to implement the existing mixture models, in particular the
interference measurement model. Although there is software
that implements some of these measurement models (e.g.,
Grange et al., 2021), this software most frequently uses a
two-step procedure: First, the parameters of the model are
estimated separately for each subject in each condition. Then,
in a second step, the parameter estimates are analyzed with
traditional inference methods such as #-tests, analysis of
variance (ANOVA), or linear regression to determine which
parameters vary as a function of condition. These methods
constrain parameter estimation in several ways and can lead
to either the over- or underestimation of standard errors in
statistical tests (Boehm et al., 2018; Skrondal & Laake, 2001).
Furthermore, to obtain robust parameter estimates, maximum
likelihood procedures require many trials per subject and con-
dition (Grange & Moore, 2022; see also Appendix A).

To solve these issues, hierarchical Bayesian implemen-
tations of these models have also been proposed (Hard-
man, 2017; Oberauer et al., 2017; Suchow et al., 2013).
Hierarchical Bayesian parameter estimation provides several
benefits over frequentist estimations. Critically, by estimating
the data from all subjects and all conditions simultaneously,
robust parameter estimates can be obtained with less data per
subject and condition (Boehm et al., 2018; Oberauer et al.,
2017; Vandekerckhove et al., 2011; also see Appendix A for
recovery simulations.). Table 1 provides a comprehensive
overview comparing non-hierarchical frequentist versus hier-
archical Bayesian estimation of these measurement models.

Although this comparison oftentimes focuses on frequen-
tist versus Bayesian estimation techniques, the most relevant
difference from our perspective is the non-hierarchical ver-
sus hierarchical implementation of these models. The hier-
archical implementation allows for a one-step procedure
and adequately propagates uncertainty through the whole
analysis while avoiding biases in the estimation of standard
errors for parameters (Boehm et al., 2018).> In principle,
this is independent from the estimation algorithm, that is,
frequentist maximum likelihood versus Bayesian parameter

3 While such biases might be negligible with sufficient data, a clear
threshold of what constitutes “sufficient” data depends on the meas-
urement model. The hierarchical Bayesian approach using one-step
inference eliminates such biases even with little data (Boehm et al.,
2018; and see Appendix A); from a conservative perspective, this
approach is therefore to be preferred. Nevertheless, there are exam-
ples in which subject-wise ML and hierarchical Bayesian estimation
yield similar results (e.g., Xie et al., 2023). However, Bayesian meth-
ods still have advantages over frequentist analysis when accepting the
null hypothesis, as they can indicate when evidence is insufficient
to accept either the null or alternative hypothesis. This can also be

@ Springer

estimation. However, hierarchical models tend to run into
convergence issues when estimated using traditional maxi-
mum likelihood estimation, whereas Bayesian methods can
alleviate such problems with reasonable priors. Thus, hierar-
chical models are oftentimes fit to data using Bayesian tech-
niques to avoid convergence issues with high-dimensional
parameter spaces.

Why is there a need for an alternative hierarchical Bayes-
ian estimation of mixture models, if these already exist? The
proposed implementations have specified the mixture model
in JAGS (Oberauer et al., 2017), MATLAB (Suchow et al.,
2013), and a no-longer-maintained R package (Hardman,
2017). The JAGS implementation by Oberauer et al. (2017)
uses code designed for the specific experimental designs and
factors analyzed in Oberauer et al. (2017). Consequently, for
other experiments with different factors and factor levels,
the JAGS code would need to be adjusted for the specific
conditions and groups in it. Thus, researchers would need
to adapt JAGS code to apply these models to their specific
experiments. This is a skill only researchers with consider-
able experience in Bayesian modeling have. The MATLAB
implementation by Suchow et al. (2013) is more flexible and
well documented. However, MATLAB is an expensive pro-
prietary language that not everyone has access to. Nowadays,
R is the language of choice when teaching statistical analysis
in psychology departments; thus, many more researchers are
familiar with it than with MATLAB. Finally, the CatCont-
Model R package is not available on CRAN and is no longer
actively maintained and thus does not provide the stability and
flexibility of an actively maintained and tested package such
as brms and bmm.

Furthermore, neither the MemToolbox implemented in
MATLAB nor the CatContModel package allows one to
estimate all three models we are presenting implementa-
tions for here. They do not provide an implementation of the
interference measurement model. And although they provide
a hierarchical Bayesian implementation of both the two- and
three-parameter mixture models over all subjects, none of
the implementations allows one to estimate the three-param-
eter mixture model or the interference model simultaneously
over different set sizes. Specifically, when parameters of the
model vary across conditions, these previous implemen-
tations need to fit a separate model to each condition and
set size, followed by a two-step inference procedure, thus
significantly reducing the benefits of previous hierarchical
estimation procedures (see Table 2 for a comparison).

Footnote 3 (continued)

seen in the results from Xie et al. (2023), where some p-values are far
from significant, p > .40, but Bayes factors in favor of the null indicate
inconclusive evidence.
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Table 2 Comparison of brms/bmm and MemToolbox

MemToolbox

brms/bmm

Estimation
Fitting multiple conditions

Inference over multiple conditions

Bayesian or maximum likelihood
Separately to each condition

Stepwise approach: (1) Estimate parameters for
all subjects in each condition, then (2) submit
parameters of interest to a statistical test

Problem: Ignores uncertainty in parameters in
the second step (Boehm et al., 2018). Hier-

Bayesian
Jointly (linear model syntax)

One-step inference: Parameters for each sub-
ject in each condition are estimated in one
model. Uncertainty in subject parameters is
accounted for in effect estimates of condition
differences (Boehm et al., 2018)

archical estimation applies only to different
subjects, not to different conditions

Allows continuous predictors No

Can fix some parameters across conditions No
Behavioral tasks

Included models “out-of-the-box”

Continuous report, change detection

Two-parameter, three-parameter, variable preci-
sion, slot+ averaging, slots + resources

Yes

Yes—any model parameter can be predicted by
any combination of conditions

Continuous report, custom (see General discus-
sion)

Two-parameter, three-parameter, interference
measurement model

To overcome these difficulties and to make the discussed
measurement models more accessible, we illustrate how
to estimate these models using our newly developed bmm
package and how to implement these models in brms, a
general-purpose package for estimating Bayesian multilevel
regression models (Biirkner, 2017, 2018a, b), without rely-
ing on bmm. The major benefit of this implementation is that
bmm provides a powerful linear model syntax that allows
us to flexibly specify which model parameters should vary
depending on discrete or continuous predictors. Therefore,
bmm allows a general-purpose implementation of the meas-
urement models for visual working memory tasks that can
be adapted to practically any experimental design. Addition-
ally, bmm uses the probabilistic programming language Stan
(Carpenter et al., 2017) to estimate parameters. Arguably,
Stan is the most cutting-edge estimation algorithm for Bayes-
ian modeling and provides robust parameter estimates even
when parameters are correlated and with a small posterior
sample size. Finally, bmm seamlessly integrates with brms, a
general-purpose package for Bayesian regression models that
has a large and active community, which can assist in solving
problems. In sum, our implementation of measurement mod-
els for visual working memory tasks in bmm will enable more
researchers to use these models in their work and will provide
state-of-the-art hierarchical Bayesian estimation for them.

brms versus bmm

All mixture models presented in this tutorial can be imple-
mented in brms without the need for additional packages or
functions.* Implementing the simple two-parameter mixture

* Scripts for all examples are available on GitHub. in the scripts
folder.

@ Springer

model (Zhang & Luck, 2008) this way is relatively easy.
However, implementing the three-parameter mixture model
(Bays et al., 2009) and the interference measurement model
(Oberauer & Lin, 2017) is more complicated, because they
require transformation of parameters and combining mul-
tiple parameters into one.’> Additionally, we implemented
additional functionality to allow the estimation of both the
three-parameter mixture model and the interference meas-
urement model over varying set sizes. To make these imple-
mentations more accessible and reduce the chance for errors,
we developed the Bayesian Measurement Modeling (bmm) R
package, which provides wrapper functions around brms that
take care of these procedures and allow the user to specify
the desired model more easily.®

In the examples that follow, we demonstrate how the
measurement models can be implemented in bmm. We sepa-
rately provide information on how to extract all the infor-
mation bmm is compiling to run these models in brms in
the section Customizing and extending models implemented
in bmm, so that readers can become familiar with how the

5> You can compare the model specification for Example 3 in brms
versus bmm via the Example3_Bayes2009.R file in scripts/brms_
examples and scripts/bmm_examples. In bmm, users only specify
a formula for the model parameters, and the package then specifies
all additional information required by brms. Thus, the relationship
between bmm and brms is the same as that between brms and Stan:
brms handles model specification, data coding, and other labor-inten-
sive procedures, and then generates the relevant Stan code. For meas-
urement models, bmm takes care of similar tasks that become tedious
and complex in brms, before submitting the model to brms for esti-
mation.

8 bmm and its installation instructions are available on GitHub.
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models are implemented and how they can potentially adapt
them. In the first example, we additionally introduce basic
concepts regarding the parameterization of the measurement
models that will help researchers better understand how
parameters are estimated and should be interpreted.

# set up the model object

Example 1: Estimating the two-parameter
mixture model in bmm

Estimating the two-parameter mixture model in bmm is
designed to be easy and accessible. In fact, it takes only a
few lines of code to set everything up to fit the model:

ZL_model <- mixture2p(resp_error = “response_error”)

# specify the formula to predict parameters

ZL_formula <- bmmformula(

thetat ~ @ + setsize + (@ + setsize | ID),
kappa ~ @ + setsize + (@ + setsize | ID)

# fit the model to data
ZL_fit <- bmm(
model = ZL_model,

data = bmm::zhang_luck_ 2008,

formula = ZL_formula

The three basic steps that bmm requires are (1) setting
up the model object and providing the variable names that
contain critical information for identifying the model, (2)
specifying a bmmformula to predict the parameters of the
model, and (3) calling the bmm function to fit the model to
data using the specified formula. The next section explains in
more detail what bmm implements internally in each of these
steps and introduces some conceptual underpinnings of the
measurement models. When using bmm, you do not have
to perform these steps yourself; nevertheless, we wanted to
provide some background on how these models are set up
within the bmm package.

Setting up a mixture model in brms

In most common brms use cases, researchers specify how
the dependent variable is distributed (e.g., a Gaussian dis-
tribution for continuous data or a binomial distribution for
accuracy data) and then specify a linear model that predicts

parameters of this data distribution (usually the mean or
location parameter) depending on categorical or continu-
ous predictors. Additionally, the model syntax implements
generalized hierarchical modeling, meaning you can specify
random effects over grouping variables, such as subjects
or items, that account for variability between the different
group members in the overall fixed effect. Initially, brms was
not specifically designed to implement mixture models for
visual working memory, but one of its recent updates makes
that possible: in addition to linear models for single data
distributions, brms now also allows users to specify mixtures
of data distributions. This is a critical feature that we built
on for estimating the above-described measurement models
for visual working memory tasks. Specifically, there are five
steps we need to take for estimating these mixture models:

1. Specify the mixture family to use for the measurement
model.

2. Specify the model formula to set up the model and pre-
dict parameters of interest.

@ Springer
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> head(bmm: : zhang_luck_2008)

subID trial

Fig.3 Structure of the Zhang and Luck (2008) dataset included in
the bmm package. sublD=participant number; trial =trial number;
setsize=number of presented colors; response_error=difference

3. Set priors to follow the assumptions of the different
measurement models and properly identify the different
mixture components.

4. Estimate the model.

5. Evaluate model fit and results.

The bmm package takes care of all these steps for you,
so that you can focus on the details specific to your experi-
ment, namely, (a) how relevant variables for the model are
labeled in your data, and (b) which parameters should vary
as a function of experimental manipulations. To addition-
ally showcase some of the powerful features of this imple-
mentation in bmm we will give some examples for different
experimental designs. The section of this first example is
long because we explain all concepts in detail, but as you
have seen above, the actual code required to fit the model
is short and simple. In fact, setting up most of the examples
and running the models took us from as little as 30 min to
less than a few hours, showcasing the flexibility and adapt-
ability of the bmm implementation of the mixture models.

2.34

setsize response_error col_lurel col_lure2 col_lure3 col_lure4 col_lure5

1.92 -3.11

1 16 -1.85 -2.27 -1.43

1 21 -0.0698 NA NA NA NA NA

1 32 -0.0349 174 | NA NA NA NA

1 4 2 0.0349 2.13 NA NA NA NA

1 56 -1.54 -0.279 -0.698 =195 1.82 =237
1 6 3 0.733 0.314 -3.04 NA NA NA

between response and target color location in radians; col_lurel to
col_lure5S =location of non-target colors relative to the target color
location (in radians)

Setting up a model object and specifying
relevant variables

For our first example, we used the data from Experiment 2
reported in Zhang and Luck (2008) included as an example
dataset in the bmm package. This experiment included a var-
ying number (1, 2, 3, or 6) of spatially distributed colored
squares on the screen, and participants were asked to report
the color of one randomly chosen square after a short reten-
tion interval on the color wheel. For modeling with bmm, the
data need to be in long format, where each row represents a
single observation and each column specifies what conditions
generated this observation (see Fig. 3 for an illustration of the
first few rows of the dataset). To link the response variable in
our data to the model, we set up a bmmodel object. This serves
two purposes: first, it declares which model we want to fit to
the data, and second, it tells bmm which variables contain the
relevant response variables and additional variables that are
required to identify the model. In the case of the two-param-
eter mixture model, the only required variable is the response
error, so setting up the bmmodel object is very simple:

ZL_model <- mixture2p(resp_error = “response_error”)

Two points need to be considered when preparing the
data: (1) the von Mises distribution implemented in bmm is
scaled to radians, so the response variable needs to be con-
verted to radians if it was originally coded in degrees (the
bmm package includes a deg2rad function for this purpose),
and (2) the response variable refers to the response error,
that is, the deviation of the response in one trial from the
target response of the to-be-reproduced item.

@ Springer

Specifying the mixture family

For this first example, we estimate the two-parameter mix-
ture model, allowing the precision of memory and the
probability that an item is in memory to vary as a func-
tion of set size. To specify the mixture family required for
the two-parameter mixture model, bmm internally uses
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the mixture function provided by brms.” For the two-
parameter mixture model, we need a mixture of two dis-
tributions, one for guessing and one for sampling from the
memory representation. To ensure that both distributions
cover the same range of responses, bmm specifies a mixture
of two von Mises distributions. This is possible because a
von Mises distribution with a precision of zero is equal to a

uniform distribution over the circular space. The brmsfamily
specified by bmm is stored in the fit object returned by the
bmm function and can be accessed via the family element
of the bmmfit object returned when a model is fitted: ZL_
fit$family. The mixture family is specified by calling the
mixture function from brms and passing the distributions
the mixture should contain:

ZL_family <- mixture(von_mises, von_mises)

For additional information on how to extract the infor-
mation compiled by bmm, see the section Customizing and
extending models implemented in bmm.

Explanation of model parameters
and specifying the model formula

Next, we need to specify the model formula to predict
parameters from the model. In bmm, this is done by using
the bmmformula (or short bmf) function. The aim of this
function is that users only need to specify the linear model
formulas for the model parameters, while bmm internally
specifies all additional formulas that are needed to set the
model up for brms. For the mixture models implemented in
bmm, there are two classes of parameters: (a) distributional
parameters of each distribution contained in the mixture
(such as the mean, mu, and the precision, kappa, of the von
Mises distributions), and (b) mixing proportions (theta) for
each distribution of the mixture.

It is important to note that bmm does not directly esti-
mate the probabilities that each response comes from one
of the distributions (€.8., Prem aNd Pyyeqsing)- Instead, bmm
estimates mixing proportions 6 that are weights applied to

7 In principle, the mixture function in brms can be used to specify
any finite mixture of the supported data distributions. This is a pow-
erful feature that generalizes to any case in which the data do not
follow a single distribution, and we hope that this tutorial enables
researchers outside visual working memory research to consider mix-
ture models in cases where they might provide additional theoretical
insight. One important limitation of the implementation of mixture
families to date is that the number of distributions cannot be deter-
mined or estimated by the data and thus must be equal for all con-
ditions. This requires additional variables and more complex model
code for a general-purpose implementation of the more complex
measurement models for visual working memory tasks. This will be
explained when these models are introduced.

each of the mixture distributions, which are transformed
into probabilities (€.8., Prem aNd Poyegsing) USING a softmax
normalization. Thus, for a mixture of K distributions, the
probability for the data to stem from a specific mixture dis-
tribution i is

0.

pi= ﬂ )

Therefore, the mixing weights can range from minus to
plus infinity, with negative values resulting in a low prob-
ability of the data stemming from the respective mixture dis-
tribution and positive values resulting in high probabilities
of the data coming from the respective mixture distribution.
Because the distribution probabilities sum to 1, there would
be infinitely many solutions for obtaining specific probabili-
ties if all mixture weights were estimated (e.g., for any value
J,if 0, =0, =j, ppem=0.5). Thus, by default, one of the
mixing proportions is fixed to O (usually the mixing propor-
tion of the guessing distribution), and all other proportions
are estimated freely. For example, if the mixing weight for
responses coming from memory is estimated as 2, we can
obtain the response probabilities as such:

el o2 7.389
—_ —— — — 0‘88
Prmem el +e02 e2+4¢0 7.389+1
=L __on2
pguess T ofi4e®2 T 24ed T 7389+1

In brms, both the distribution parameters and the mixing
proportions are indexed with an integer which specifies the
distribution they are associated with. When using a mixture
of two von Mises distributions, we thus have two sets of the
distributional parameters: mul and mu?2 for the means, and
kappal and kappa?2 for the precision. Additionally, we have
two mixing weights thetal and theta2. Distribution 1 is the
von Mises distribution centered on the target response, while
distribution 2 is the uniform circular distribution. Techni-
cally, there are thus six parameters in this model. Practi-
cally, four of these parameters will be fixed to a constant or

@ Springer



144 Page 10 of 33

Behavior Research Methods (2025) 57:144

> default_prior(ZL_formula, data = data_ZL2008, model = ZL_model)

prior class coef group resp dpar nlpar 1lb ub source

logistic(@, 1) theta2 -Inf Inf default
normal(2, 1) b setsizel kappa <NA> <NA> (vectorized)
normal(2, 1) b setsize2 kappa <NA> <NA> (vectorized)
normal(2, 1) b setsize3 kappa <NA> <NA> (vectorized)
normal(2, 1) b setsize6 kappa <NA> <NA> (vectorized)
student_t(3, 0, 2.5) sd kappa 0 default
student_t(3, 0, 2.5) sd subID kappa Q (vectorized)
student_t(3, 0, 2.5) sd setsizel subID kappa 0 (vectorized)
student_t(3, 0, 2.5) sd setsize2 subID kappa Q (vectorized)
student_t(3, 0, 2.5) sd setsize3 subID kappa Q (vectorized)
student_t(3, 0, 2.5) sd setsize6 subID kappa Q (vectorized)
logistic(@, 1) b setsizel thetat <NA> <NA> (vectorized)
logistic(@, 1) b setsize2 thetat <NA> <NA> (vectorized)
logistic(@, 1) b setsize3 thetat <NA> <NA> (vectorized)
logistic(@, 1) b setsizeb thetat <NA> <NA> (vectorized)
student_t(3, 0, 2.5) sd thetat 0 default
student_t(3, 0, 2.5) sd subID thetat o (vectorized)
student_t(3, 0, 2.5) sd setsizel subID thetat o (vectorized)
student_t(3, 0, 2.5) sd setsize2 subID thetat Q (vectorized)
student_t(3, 0, 2.5) sd setsize3 subID thetat Q (vectorized)
student_t(3, 0, 2.5) sd setsize6 subID thetat 0 (vectorized)
normal(2, 1) b kappa <NA> <NA> user
logistic(@, 1) b thetat <NA> <NA> user
constant(@) Intercept mul <NA> <NA> user
constant(@) Intercept mu2 <NA> <NA> user
constant(-100) Intercept kappa2 <NA> <NA> user

Fig.4 Example of a call of the default_prior function and its generated output

determined by some variable in our data.® This is all done
internally by bmm; thus, only two parameters remain to be
estimated. Furthermore, to keep the parameter labels con-
sistent across models, bmm internally relabels these param-
eters to kappa (the memory precision) and thetat (mixing

proportion for responses coming from memory, so-called
target responses).

Thus, for specifying that both the probability of recalling
an item from memory (i.e., thetat) and the memory precision
(i.e., kappa) should vary over the different set sizes, we can
specify the following bmmformula (or in short, bmf):

ZL_formula <- bmf(kappa ~ @ + setsize + (@ + setsize || subID),
thetat ~ @ + setsize + (@ + setsize || subID))

For all linear model formulas in bmm, the left side of an
equation refers to the to-be predicted parameter and the right
side specifies the variables used to predict it. In this formula,
the precision of memory responses (kappa) is set to vary
over setsize, and additionally this setsize effect can vary over
subjects indexed through the subID variable. Likewise, the
mixing proportion of the von Mises distribution of the target

8 mul and mu2 are fixed to 0, because the mean of the error and the
uniform distributions are 0, kappa2 will be fixed to 0 because the
second von Mises distribution should be uniformly distributed, and
theta2 will be fixed to O to identify the softmax transformation.

@ Springer

responses (thetat) varies over the setsize variable, and this
effect can also vary over subjects. Specifically, using the
0+ setsize coding, we suppressed the estimation of an inter-
cept and directly estimated the parameter values for each set
size. Instead, we could have used an effect coding specifying
1+ setsize. Then, bmm would have estimated an intercept and
effects following the effect coding of the setsize variable (e.g.,
treatment or sum-to-zero contrast as specified by contr.
treator contr. suminR). The random slopes for the sez-
size effects are set by specifying which of the fixed effects can
vary over which grouping variable using the Il coding. The
double vertical line additionally specifies that correlations
between the different random effects should not be estimated.
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This setting speeds up model estimation and makes interpre-
tation of the fixed effects more straightforward.

Should you be interested in accessing the full formula
that bmm generates to estimate the model in brms, you can
access it via the bmmfit object. The formula element (i.e.,
zL _fit$formula) will return the full formula compiled
by bmm and allows you to adapt the model for your own pur-
poses. We will provide further details on customizing these
models in the section Customizing and extending models
implemented in bmm.

Setting priors for the model

To sufficiently identify the mixture distributions and imple-
ment assumptions from the respective measurement model,
bmm internally constrains some model parameters via pri-
ors. Ultimately, in the two-parameter mixture model, we
only estimate (a) the precision of the target distribution, i.e.
kappa, and (b) the probability of an item being stored in
memory, that is, defined by the mixing proportion thetat. All
other model parameters are internally constrained via priors
or through the data.

Additionally, bmm sets default priors for each model. This
is done to improve convergence of parameter estimation
and speed up sampling. You can access the priors with the
default_prior function that can also be used for brms models
(see Fig. 4). This function takes the specified bmmformula,
the data, and the bmmodel object as input and returns a data
frame with the priors specified internally by bmm. If you
want to specify custom priors for your model, we recom-
mend running this function first, to see which priors are
specified for the model by default. If you want to change
these priors, you can specify your own priors using the prior
function implemented in brms and pass these priors when
fitting the model using the bmm function.

The priors on the estimated parameters kappa and thetat
make up most of the specified priors in Fig. 4. In addition,
we want the guessing distribution to be uniform over the
whole circular space. This is achieved by fixing the precision
of the second von Mises distribution (i.e., kappa?2) to practi-
cally zero. For estimation purposes, brms uses a logarithmic
link function for the precision parameters of the von Mises.
Thus, the precision kappa?2 on the native scale is transformed
onto the parameter space using a logarithmic function. As
log(0) is not defined, we fix kappa for the second von Mises
to a value very close to zero. Practically, any native kappa
value below 1072 achieves a virtually uniform distribution.’
Since the priors are set on the transformed parameters, this

° This is the value used for generating the guessing distribution in
Fig. 2.

would equate to any value smaller than log(10™>). For con-
venience, we set it to — 100, which is much smaller. Natu-
rally, the mean or location of a uniform distribution on a
circular space is not properly defined; thus, we must also fix
this value (rmu2), conventionally to 0. Likewise, the location
of our target distribution (mul) is fixed. For all examples, we
have specified the model formula using the response error
as dependent variable. Thus, the location of the memory
distribution is fixed to zero.!°

Finally, the softmax transformation needs to be identi-
fied by fixing one mixture proportion as a reference. This is
internally implemented in brms for all mixture models. With
this default, the freely estimated mixture proportion for any
mixture of two distributions can be transformed into mixture
probabilities using the inverse logit function. For more than
two distributions, we need to compute the probability using
the softmax normalization. However, this normalization is
implemented in bmm, or it can be computed manually.

Estimating the model

Using this specification, we can now estimate the parameters
of the model. This is done using the Bayesian measurement
model function, bmm, of the bmm package, as in the example
at the beginning of this section. We need to pass the speci-
fied bmmodel, the bmmformula, and the data. All the rest is
set up internally:

ZL_fit <- bmm(model = ZL_model,
data = zhang_luck 2008,
formula = ZL_formula)

Additionally, you can pass further arguments to the func-
tion: for example, how many warmup and total iterations
should be performed, or how many MCMC chains should be
sampled. For an explanation of these additional arguments,
please see the bmm and brms user guide.

When bmm is called, the function will first perform some
checks to verify that all information is valid, then it will
compile the code of the Stan model, and finally, after finish-
ing compilation, it will run the specified number of Markov
chain Monte Carlo (MCMC) chains for parameter estima-
tion. The default value is four chains, with each having
1000 warmup samples and 1000 samples after warmup. For
faster estimation, we recommend setting parallel sampling
by specifying the number of cores used for sampling using

10 It is possible to estimate the location of the target distribution in
bmm. Details on freely estimating internally fixed parameters can be
found in the vignette on the bmmformula.
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Fig.5 Example of a posterior predictive plot obtained via the pp_
check function provided by brms. The black line illustrates the distri-
bution of the data. The different blue lines illustrate ten independent
predicted distributions from the model. The better the overlay of the
model-predicted distributions with the data, the better the model cap-
tures the data. The posterior predictive plot thus illustrates a good fit
of the model to the data

the cores argument. Furthermore, to avoid having to re-
estimate the model each time after you close an R session,
consider saving the bmmfit object using the file argument.
For an example of how to set up your R code to only estimate

Multilevel Hyperparameters:
~subID (Number of levels: 8)

Estimate Est.Error
sd(kappa_setsizel) 0.07 0.06
sd(kappa_setsize2) 0.20 0.12
sd(kappa_setsize3) Q.47 0.20
sd(kappa_setsize6) 0.19 0.16
sd(thetat_setsizel) 1.19 1.40
sd(thetat_setsize2) 1.44 0.67
sd(thetat_setsize3) 0.46 0.27
sd(thetat_setsize6) 0.14 0.12

Regression Coefficients:

1-

Estimate Est.Error 1-95%

kappa_setsizel 2.81 0.06
kappa_setsize2 2.23 0.10
kappa_setsize3 1.95 0.19
kappa_setsizeb 1.88 0.17
thetat_setsizel 5.20 0.88
thetat_setsize2 3.01 0.60
thetat_setsize3 1.66 0.23
thetat_setsize6 -0.52 0.12
Constant Parameters:

Value
mul_Intercept 0.00

PR WERE R NN

the model should there not be a saved file for the model
object, see the GitHub repository that provides R code and
results for all examples.

Evaluating convergence, model fit,
and results

Once parameter estimation is completed, we need to evalu-
ate the convergence of the MCMC chains, the model fit, and
results from the parameter estimation. For this, we can choose
from the wide range of functions provided by brms and other
R packages designed for analyzing posterior predictive sam-
ples from Bayesian models (bayesplot, tidybayes, etc.).
Convergence Stan (Carpenter et al., 2017), the probabil-
istic language used for sampling in bmm, will automatically
print warning messages at the end of sampling should it
detect problems that can point towards convergence issues.
Typically, these are either the occurrence of divergent transi-
tions during sampling, reaching the maximal treedepth dur-
ing sampling, or R-hat values larger than 1.05. Generally,
the models implemented in bmm are set up to provide robust
and reliable parameter estimation and thus avoid such warn-
ings as much as possible. Nonetheless, in some cases the
combination of little data and certain model assumptions
can lead to sampling problems. We will not elaborate on the

95% CI u-95% CI Rhat Bulk_ESS Tail_ESS
0.00 0.22 1.00 5022 5423
0.02 0.50 1.00 3159 3847
0.20 0.95 1.00 3665 6597
0.01 0.58 1.00 6252 5936
0.04 4.38 1.00 4139 5491
0.56 3.17 1.00 4595 6720
0.04 1.10 1.00 3183 2952
0.01 0.43 1.00 6010 6146

CI u-95% CI Rhat Bulk_ESS Tail_ESS

.70 2.92 1.00 12173 8037

.02 2.42 1.00 7138 6846

.56 2.32 1.00 4635 5881

.56 2.20 1.00 12660 8720

.67 7.07 1.00 5920 3776

77 4.20 1.00 5121 5392

17 2.11 1.00 6502 6044

.76 -0.28 1.00 12403 8635

Fig.6 Summary output for the estimated parameters from the two-parameter mixture model of the Zhang & Luck (2008, Exp. 2) data estimated

via bmm
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Fig.7 Replication of results from Zhang and Luck (2008) using the
introduced hierarchical modeling framework for the two-parameter
mixture model in brms. Panel A (on the left) shows the results for the
probability of having an item in memory. Panel B (on the right) shows
the results for the precision of memory representations. The posterior
mean (point) and 95% credibility interval (line range) of the param-

details of such problems here, as this is beyond the scope
of this tutorial. Generally, you can change the behavior of
the sampler and avoid these warnings by passing a list of
options when calling the bmm function. You can find more
information on such warnings and how to address these on
the Stan webpage: https://mc-stan.org/misc/warnings.html.

Model fit With respect to model fit, our recommendation
is to at least have a look at graphical plots in which poste-
rior predictions from the model are overlaid on the observed
data. As bmm feeds seamlessly into brms, this can be done
using the pp check function implemented in brms (see
Fig. 5 for an illustration). The model fits the data well, if the
observed data distribution (black line in Fig. 5) is closely
overlaid with the distribution of the posterior predicted
responses (light blue lines in Fig. 5).

Model results The general-purpose summary function
will provide an overview of the estimated parameters of the
model (see Fig. 6). The Multilevel hyperparameters sec-
tion of the model summary (top section in Fig. 6) provides
information on the group-level effects, in our example the
variation of effects over subjects. Unless you are interested
in individual differences, this section is not of primary inter-
est. The main takeaway for our first example is that there
is credible variation across all set sizes for both the preci-
sion of memory representations (kappa) and the probability
for recalling an item from memory (thetat). The Regression
coefficients section (bottom section in Fig. 6) summarizes
the differences between parameters varying over the predic-
tors we specified in our model formula, in this case set size.
You need to keep in mind that the reported values are for
the estimates on the parameter space (i.e., log-transformed

eter estimates are shown in black. The average of the subject-wise
estimates reported by Zhang and Luck (2008) are shown by the black
diamonds. The gray distributions illustrate the whole posterior distri-
bution of estimated parameters from the brms model implementation

kappa; mixing proportions instead of probabilities), so to
interpret them more easily, you first need to transform them
to their native scale. For more information about the output
of summary, please consult the bmm manual.

There are several ways of extracting information from a
fitted bmm object. For example, the brms functions fixe f
and ranef provide summaries of the estimated fixed and
random effects.!! These can be used to transform both fixed
and random effects from the parameter space to the native
scale. In this case, we can use an exponential transforma-
tion to transform kappa estimates (i.e., exp(kappa)) and an
inverse logit to transform theta estimates into probabilities.
Additionally, we can convert kappa into the standard devia-
tion of the von Mises with the k2 sd function implemented
in the bmm package. Keep in mind that this is scaled in radi-
ans because our response variable was provided in radians.
Nevertheless, the standard deviation estimates in radians can
also be transformed into standard deviations in degrees using
5o = “IT" * 180 or via the rad2deg function imple-
mented in bmm. All these transformed estimates can then,
for example, be used to plot fixed effects over conditions or
evaluate the consistency of effects over subjects.

Figure 7 shows the bmm parameter estimates for the
Zhang and Luck (2008) data. Estimating the parameters

! Please note that random effects are centered, meaning that param-
eter estimates reflect deviations from the respective mean, not the
absolute estimate for each subject. Therefore, you need to add the
fixed effect for the respective condition to the random effects and
then transform them to the absolute scale. Otherwise, you will obtain
incorrect estimates for the different subjects.
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from the two-parameter mixture model in bmm yielded a
good model fit (see Fig. 5) and arrived at practically equiva-
lent results to those reported in Zhang and Luck (2008). This
demonstrates that our implementation works as intended and
converges in parameter estimates with other estimation pro-
cedures. We will not go into detail for all the possibilities
offered by bmm to evaluate model results. The R code in the
online supplement illustrates some common steps in evalu-
ating and plotting model results. Additional online mate-
rial in several blogs or in the bmm and brms documentation
provides ample introduction into post-processing of model
results from bmm and brms models.

Example 2: Estimating varying parameter
values for a factorial design with within-
and between-subject factors

In our second example, we used data reported in Loaiza
and Souza (2018). In this experiment, a group of younger
(n=25) and older adults (n=24) were instructed to

memorize five colored disks distributed around an imagi-
nary circle in the center of the screen. The retention inter-
val was manipulated to be either short or long, and a vari-
able number of cues (0, 1, 2) could indicate the item to be
tested prior to recall (for details please refer to the origi-
nal publication). The cues presented during the retention
interval are thought to bring the item to be tested back into
the focus of attention, thereby improving its accessibility
and potentially the precision of the memory representa-
tion (Souza & Oberauer, 2016). We chose this example
to illustrate how to adapt the implementation of the two-
parameter mixture model for a more complex design com-
bining between- and within-subject factors.

Except for the specification of the bmmformula, all
steps are the same as in Example 1. We first set up the
model object, passing the variable name of the response
error “dev_rad” in the Loaiza and Souza (2018) dataset,
which can be found in the GitHub repository of the tutorial
but is not included in the bmm package:

LS _model <- mixture2p(resp_error = “dev_rad”)

Then we only need to adapt our model formula to
incorporate the respective independent variables to pre-
dict the mixture model parameters. For this dataset we

have two within-subject factors (retention interval and
cue condition) and one between-subject factor (age
group). Here, we set up the model formula to estimate

A B
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Fig.8 Reproduction of the results by Loaiza and Souza (2018)
using the bmm implementation to estimate parameters from the two-
parameter mixture model. The probability of recalling an item from
memory (P, is shown in panel A (left side), and the imprecision
of memory representation (SD of the von Mises) is shown in panel B
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(right side). The distributions shaded in black to light gray illustrate
the whole posterior distribution of the respective estimates for the dif-
ferent numbers of cues. The dot indicates the posterior mean, and the
line the 95% highest-density interval of posterior estimates. The dia-
mond indicates the average estimate from the original publication
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separate intercepts for the parameters in each age group
and then estimate effects for the within-subject conditions

LS formula <- bmf(

by suppressing the estimation of an intercept using the
0+ coding:

kappa ~ @ + ageGroup + ageGroup:RI + ageGroup:cueCond +

ageGroup:RI:cueCond +

(0 + RI + cueCond + RI:cueCond || gr(id, by = ageGroup)),
thetat ~ @ + ageGroup + ageGroup:RI + ageGroup:cueCond +

ageGroup:RI:cueCond +

(@ + RI + cueCond + RI:cueCond || gr(id, by = ageGroup)))

Specifically, this bmmformula first estimates separate
intercepts for both the precision of memory responses
(kappa) and the probability of recalling an item from mem-
ory (thetat) for the two age groups and then specifies main
effects for the two experimental factors and their interaction
for both age groups. We use this specification to compute
evidence in favor of or against the effects of the experimental
conditions on the two age groups more easily (see the section
Testing the hypothesis for parameter estimates). Additionally,
we estimate random effects reflecting individual differences
in these estimates for the two within-subject factors. To avoid
assuming that variability is equal between younger and older
adults, we grouped the id variable over age group to allow for
different degrees of variability across age groups (for details
on these specific settings, please see the documentation of the
brmsformula function and the vignette on the bmmformula).

Using the specified model object and the adapted bmmfor-
mula, we estimate the parameters of the two-parameter mix-
ture model by calling the bmm function:

> hypothesis(LS2018_fit, cue_hypothesis)

Hypothesis Tests for class b:

Hypothesis Estimate Est.Error CI.

1 kp_cueFX_younger 0.08 0.09
2  kp_cueFX_older 0.04 0.07
3 pM_cueFX_younger 0.56 0.14
4  pM_cueFX_older 0.39 0.10

€1’ ¢

LS_fit <- bmm(model = LS _model,
data = LS_data,
formula = LS _formula)

The posterior of the parameter estimates across the exper-
imental conditions for both age groups are shown in Fig. 8.

Testing the hypothesis for parameter
estimates

There are several ways to evaluate hypotheses with Bayesian
modeling techniques. Here, we will give a short illustration
for testing a hypothesis using the estimated parameters from
a bmmodel. For this, we can use the Savage-Dickey density
ratio between the prior and posterior at a specified point of

Lower CI.Upper Evid.Ratio Post.Prob Star

-0.11 0.26 6.84 0.87
-0.09 0.18 12.49 0.93
0.28 0.85 0.01 0.01 .
0.18 0.58 0.02 0.02 4

90%-CI for one-sided and 95%-CI for two-sided hypotheses.

'*': For one-sided hypotheses, the posterior probability exceeds 95%;
for two-sided hypotheses, the value tested against lies outside the 95%-CI.
Posterior probabilities of point hypotheses assume equal prior probabilities.

Fig.9 Output of the hypothesis function when testing whether
there are effects of the retro cue on kappa and thetat for younger and
older adults. The evidence ratio (Evid.Ratio) indicates evidence
in favor of the specified hypothesis. In this case this reflects the BF,.

To obtain the BF,, one can take 1/BF,;;. We recommend accessing
the Evid.Ratio by storing the output of the hypothesis function in an
object
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interest to quantify how much our belief has been updated by
the data (Dickey & Lientz, 1970; Wagenmakers et al., 2010).
This method can be used to approximate the Bayes factor
comparing nested models that fix one parameter of a more
complex model to a specific value, usually zero.

A major benefit of bmm is its seamless integration
with brms; thus, we can test hypotheses with this method
on estimated parameters using the hypothesis func-
tion implemented in brms. To use this function, we first

cue_hypothesis <- c(
kp_cueFX_younger
kp_cueFX_older =
pM_cueFX_younger =
pM_cueFX_older =

"kappa_ageGroupYoung:cueCondl =
kappa_ageGroupOld:cueCondl =
"thetat_ageGroupYoung:cueCondl =
"thetat_ageGroupOld:cueCondl = 0"

specify a set of hypotheses that we want to test. This is
done by creating a character vector that contains named
elements that define the comparisons of interest by refer-
ring to the parameters of interest via their names. For
our example, we evaluate whether getting at least one
cue improves the precision of memory responses and the
probability of recalling an item from memory. Given the
two age groups, we can do this separately for younger and
older adults. Setting this up would look like this:

ell,
ell,
ell,

Then we can pass the specified hypothesis together
with the bmmfit object to the hypothesis function and
get posterior estimates of the specified comparisons. In
addition, if we set the sample_prior option to TRUE when
running the model with the bmm function, the output
returns the Savage—Dickey density ratio (Evid.Ratio)
in favor of the specified hypothesis, and posterior prob-
abilities (Post.Prob) in support of the hypothesis (see
Fig. 9).

As in the original publication, the probability of recall-
ing an item from memory was higher with at least one
retro cue compared to no cue for younger (BF,;=94.97)
and older adults (BF,;,=53.50), whereas precision of
memory representation did not improve with retro cues
(younger: BF; = 6.84; older: BF;; =12.49). Additionally,
older adults had a lower probability of recalling items
from memory than younger adults, BF,=3.01 x 10°, and
lower precision of memory representations, BF,,=5.29

subID setsize

-0.0126 0

11

12 -0.164 -2.77
14 0.747 2.93
16 -0.0678 -0.599

(see the code in the online supplement for the calculation
of these Bayes factors).

Bayesian model comparison

A more general approach for drawing inferences when
comparing Bayesian models is the use of Bayes factors
that reflect the ratio of the marginal likelihood of differ-
ent models. Notwithstanding the broader applicability of
this method, there are also some downsides when using the
method, namely (1) the need to estimate all models of inter-
est, (2) the computationally intensive task of obtaining the
marginal likelihood for each model, and (3) the need for set-
ting appropriate priors, as these might affect the results. The
first two points are mostly practical problems that will typi-
cally increase the time required for conducting the relevant
model comparisons. The third point is more conceptual and
is still discussed among Bayesians (Mikkola et al., 2023).

RespErr col_lurel col_lure2 col_lure3 col_lure4 col_lure5

0 0 0 0
0 0 0 0
-0.765 1.95 0 0
2.19 2.68 -1.22 -1.19

Fig. 10 Example of data structure for the three-parameter model. One trial per set size is shown
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For example, if we wanted to test whether there is evi-
dence for or against an interaction of the retro cue effect
with the retention interval manipulation on both kappa
and the probability of recalling an item from memory, we
could compare the above-specified model including all main

LS formula_reduced <- bmf(

effects and interactions, with a reduced model that only esti-
mates main effects of the retro cue and retention interval.
For this we would simply drop the interaction term from the
model formula:

kappa ~ @ + ageGroup + ageGroup:RI + ageGroup:cueCond +

(0 + RI + cueCond + RI:cueCond || gr(id, by = ageGroup)),
thetat ~ @ + ageGroup + ageGroup:RI + ageGroup:cueCond +

(0 + RI + cueCond + RI:cueCond || gr(id, by = ageGroup)))

Recent simulations indicate that it is recommended to
keep all random effects in the model, although the inter-
action is assumed to be zero (Oberauer, 2022); therefore,
we have not dropped the RI : cueCond interaction from

the random effects formula. We then fit this reduced
model to the data by calling the bmm function and pass-
ing the model formula of the reduced model:

LS _fit reduced <- bmm(model = LS model,

data
formula =

= LS_data,
LS formula_reduced)

Having fit both the full and reduced model to the data,
we can then obtain Bayes factors in favor of one model

over the other by calling the bayes factor function
included in brms:

~ A B C
= [%2]
2} ® 05 » 05
c 30 2 &
o o 04 c 04
@ f = S
§ 20 » +‘ © 03 g 0.3
e . 002 £0.2
= 1) = S
g > 0.1 2 0.1 »
= ©
£ o 2 00 » ool o
= 1 2 4 6 1 2 4 6 1 2 4 6
Set Size Set Size Set Size

Fig. 11 Reproduction of the results by Bays et al. (2009) using the
brms implementation to estimate parameters from the three-parame-
ter mixture model. A Imprecision of memory representation (SD of
the von Mises). B Probability of non-target responses. C Probability
of random responses (guessing). The distributions shaded in gray

illustrate the whole posterior distribution of the respective estimates.
The dot indicates the posterior median, and the line the 95% high-
est density interval of posterior estimates. The diamond indicates the
average maximum likelihood estimate from the original publication
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bayes_factor(LS_fit_reduced, LS_fit, repetitions =

20)

This function uses bridge sampling (Gronau et al.,
2018) to approximate the marginal likelihood for both
models. As this approximation of the marginal likeli-
hood also relies on a sampling algorithm, we recommend
increasing the number of posterior samples to at least
40,000 when estimating the model in order to obtain
stable Bayes factor estimations. To gauge the variability
of the Bayes factor estimation, you can also repeat the
approximation of the marginal likelihood by setting the
number of repetitions via the repetitions argument.

For our example, we estimated the Bayes factor against
an interaction of retention interval and retro cues 20 times,
with both models having 12,000 posterior samples. Based
on these estimations, we get a median BF=9.59 in favor
of the reduced model. However, over the 20 repetitions, the
Bayes factors range from 3.89 to 63.04, indicating a broad
range of moderate to strong evidence against the interac-
tion of retention interval and retro cues in both age groups
and for both kappa and the probability of recalling an item
from memory. For more reliable inference, we would have
to increase the number of posterior samples.

Example 3: Estimating the three-parameter
mixture model

In this example, we show how to estimate Bays et al.’s
(2009) three-parameter mixture model using bmm. We apply
the model to the data reported by Bays et al. (2009), which

was a simple set size experiment akin to the one reported by
Zhang and Luck (2008). Participants performed a continu-
ous reproduction task where one, two, four, or six colors
were presented simultaneously on the screen.

First, we need to make sure that the data are in the cor-
rect format. The model expects that the outcome variable is
response error relative to the target, and that the positions
of the non-targets are also coded relative to the target. For
example, if the target was a color with value 0.7, and the
non-targets were 0.5, 0.9, and 1.1, they need to be re-coded
by subtracting the target value, i.e.,— 0.2, 0.2 and 0.4. Each
non-target value should be stored in a separate column. If
different set sizes are presented, there should be as many
non-target columns as the maximum set size, i.e. 1, and for
set sizes less than that, values in the extraneous columns
should be coded as NA or zero. Figure 10 shows an example
of a correctly prepared dataset. For an example of how to
prepare data that contain the absolute responses and non-
target values, see the vignette for fitting mixture models on
the bmm website.

Again, we set up a model object so that bmm knows
which variables to use for correctly specifying the model.
For the three-parameter mixture model, we must provide
more information than for the two-parameter mixture model.
But setting up the model remains quite simple:

bays_model <- mixture3p(resp_error = “RespErr”,

nt_features = “col lure”,
set_size = “setsize”,
regex = TRUE)

Again, we need to specify the response error (resp
error) relative to the target location. Additionally, we
need to provide the variables containing the feature values
of the non-targets relative to the target values (nt _fea-
tures) to locate the distributions for swaps accordingly.
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Finally, we specify the set size variable, in particular when
set size varies over trials. This is necessary to estimate the
model simultaneously over several set sizes. Another useful
feature when passing variable names is the regex option.
This allows you to provide the general pattern that several
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Fig. 12 Parameter estimates of the unconstrained (A and B) and
the monotonically constrained (C and D) two-parameter model in
Example 4. A Imprecision of memory representation (SD of the von
Mises). B Probability of random responses (guessing). The distribu-

variables, such as the nt _features, follow without hav-
ing to manually paste together the variable names of all
nt features.
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tions shaded in gray illustrate the whole posterior distribution of the
respective estimates. The dot indicates the posterior median, and the
line the 95% highest-density interval of posterior estimates

Then, just as in the first example, we specify the bmmfor-
mula for all parameters:

bays_formula <- bmf(kappa ~ © + setsize + (@ + setsize || subID),
thetat ~ @ + setsize + (@ + setsize || subID),
thetant ~ @ + setsize + (@ + setsize || subID))

where kappa is the precision of the von Mises distribu-
tions, thetat is the mixing proportion for the target responses,
and thetant is the mixing proportion for the non-target
responses, setsize is a factor variable, and subID is the sub-
ject number. In this model, following Bays et al. (2009), we

allow all parameters of the model to vary as a function of
set size, and we also estimate a random slope for this effect
for each subject.

Then, we can estimate this model again using the bmm
function:
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fit _bays2009 <- bmm(model = bays_model,
formula = bays_formula,
data = data_Bays2009)

Figure 11 shows the estimates of the bmm model and the
estimates originally reported by Bays et al. (2009). Despite
some differences, all original parameter estimates lie within
the 95% highest-density interval of the hierarchical model esti-
mates, showing that the two estimation techniques converge.

Example 4: Using priors to implement
informative constraints and improve
parameter estimation

For this example, we demonstrate how you can put prior con-
straints on parameters. We illustrate when this can be helpful
using an unpublished dataset from our lab, in which people
performed a delayed estimation task with set sizes from 1 to
8. We fit the two-parameter model as described in Example 1.
Figure 12A and B show the posteriors of memory imprecision
and probability of guessing from the two-parameter mixture
model as a function of set size. While the general pattern is
as expected, that is, worse performance with increasing set
size, something unusual stands out for set sizes 7 and 8. The
estimated guessing probability is higher for set size 7 than
set size 8, but with higher memory precision. Based on exist-
ing literature, we know this pattern is highly unlikely. The
problem is that when guessing probability is relatively high
(Pguessing > 0-40), the mixture model can fail to recover param-
eters and can mistake high imprecision for guessing, leading
to a trade-off in parameter estimates (Grange & Moore, 2022).

Following theoretical considerations and the existing lit-
erature (Oberauer & Lin, 2017; van den Berg et al., 2012),
we expect memory imprecision and guessing probability to
increase monotonically as a function of set size. Fortunately,
the Bayesian framework allows us to set prior constraints on
the estimates to force them to increase monotonically. This
will likely provide enough information to the model to pre-
vent a trade-off of imprecision with guessing. We chose this
example because it occurred in our real work and represents
a relatively complicated case, which will showcase the flex-
ibility of the Bayesian estimation framework.

To enforce a monotonic increase of the parameters
over set size, we need to do two things. First, we need to
change the contrasts in the model, and second, we need
to specify priors according to our theoretical assumptions
over the parameters. By default, all regression models in R
use dummy coding for factors. This means that the model

@ Springer

estimates an intercept that corresponds to the parameter
value for the first factor level (in this case, set size 1) and
regression coefficients for each other level of the factor
which correspond to the difference between each factor level
and the intercept. This default coding can be extracted via
the contrasts (data$set size) command. In this
case, this produces the following output:

23456738
10000000
21000000
30100000
40010000
50001000
60000100
70000010
80000001

The row numbers reflect the eight different values of our
factor (set size), and the columns reflect the desired contrast,
in this case the default dummy coding. We want to set up
a different type of contrast where each regression coeffi-
cient reflects the differences between the current factor level
and the previous factor level. This would allow us to tell
the model that this difference should always be positive or
negative. Because the regression coefficients represent the
differences between every pair of neighboring factors, this
would enforce a monotonic increase over set size. This is not
a tutorial on basic linear modeling, so without going into too
much detail, the necessary contrast looks like this:

23456738
10000000
21000000
31100000
41110000
51111000
61111100690
711111180
81111111
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Fig. 13 Estimates for the three-parameter mixture model for Experi-
ment 1 reported by Oberauer et al. (2017). We freely estimated the
probability of recalling an item from memory (panel A), the prob-
ability for swap errors (i.e., recalling a non-target, panel B), and the
precision of memory representations (panel D). For completeness, we

which we can specify with the following function:

Set Size

also show the probability for guessing responses (panel C). All plots
show the posterior mean (dot) and the 95% highest-density interval
(line range), as well as the full posteriors of the respective estimate
(gray distribution) for all set sizes

contr_ordin <- matrix(@, nrow=8, ncol=7)
contr_ordin[lower.tri(contr_ordin)] <- 1
colnames(contr_ordin) <- 2:8
contrasts(data_popov$setsize) <- contr_ordin
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Fig. 14 Parameter estimates for the IMMabc for Experiment 1
reported by Oberauer et al. (2017). We report the posterior estimates
(means, 95% highest-density intervals, and the full posteriors) of the
context activation (panel A) and the general activation (panel B).
With respect to interpretation, these must be evaluated relative to

With these contrasts, any regression model fit to this data-
set will estimate the difference between each two consecu-
tive factor levels, instead of the difference relative to the

the parameter fixed for scaling. In this case, we fixed the background
noise (n) to 1 (illustrated by dotted red line in panel B). Panel C
shows the estimates for the precision of memory representations. All
parameters were allowed to vary between set size

intercept. We can set priors over these estimates to force
them to be all non-negative, by setting the lower bound of
the estimate to be 0 (Ib=0):

ff <- bmf(kappa ~ 1 + setsize + (1 + setsize |subject),
thetat ~ 1 + setsize + (1 + setsize |subject))

pr <- prior_('normal(0.0,0.8)', class='b', nlpar='kappa', 1b=0) +
prior_ ('logistic(®,1)', class='b', nlpar='thetat', 1b=0)

and then we estimate the model with.

fit_popov <- bmm(model = mixture2p(resp_error
ff,

formula =

= “error”),

data = data_popov,

prior=pr)

The new estimates are shown in Fig. 12C and D. In
comparison with panels A and B, we can see that both the
probability of guessing and the imprecision increase mono-
tonically over set size, as we would expect based on prior
theoretical and empirical work. Specifically, the model no
longer estimates a dip in imprecision only at set size 7,
together with more guesses relative to set size 8. It also pro-
duces a less inflated imprecision estimate for set size 8. It is
important to note that imposing prior constraints can result
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in worse fit to the data. When comparing the model with
and without prior constraints via Bayes factors, we found
a median BF=4.52 in favor of the model with monotonic
constraints. However, over 20 repeated estimations of the
marginal likelihood, for both models, the Bayes factors
ranged from 2.37 X 1073 to 154.30. Therefore, we cannot
draw a strong conclusion whether imposing a monotonic
effect of set size on both kappa and p,,.,, improved or dete-
riorated model fit based on the 30,000 posterior samples
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used for model estimation. This may also reflect that while
the constraints have yielded parameter estimates in line with
theoretical considerations that fit most of the data well, this
might have deteriorated the fit to the data of single subjects.
Given that the prior constraint we illustrate here is based
on theoretical considerations about reasonable parameter
estimates, this can still be reasonable for improving replica-
bility. In the end, this dataset provides insufficient evidence
for a non-monotonic effect of set size on kappa and p..,,
and the effect would need to be replicated with new data or
additional data would need to be collected.

This example illustrates a case when providing a some-
what informative prior to the model avoids prematurely
accepting spurious effects by imposing theoretically moti-
vated priors. From our perspective, the assumption that
memory precision and probability of recall from memory
decline with larger set sizes aligns with previous findings
and theoretical assumptions (Oberauer & Lin, 2023; van
den Berg et al., 2012; Zhang & Luck, 2008). Critically, the
assumptions that these parameters increase monotonically
includes that parameters of the model will no longer change
between set sizes when the set size reaches a certain thresh-
old (Pratte, 2020). Ultimately, the goal of this example was
to illustrate the possibilities researchers have in considering
informative priors to improve model estimation and for test-
ing theoretical assumptions (Haaf & Rouder, 2018), and the

validity of such assumptions and constraints obviously needs
to be evaluated for each specific case. Providing a compre-
hensive collection of cases in which prior constraints might
be reasonable is however beyond the scope of this tutorial.

Example 5: Comparing parameter estimates
from the three-parameter mixture model
with the inference measurement model

For our last example, we will demonstrate how you can esti-
mate parameters from the interference measurement model
and illustrate what the interference measurement provides
in terms of theoretical interpretation that goes beyond the
three-parameter mixture model. For this, we have re-ana-
lyzed data from Experiment 1 reported in Oberauer et al.
(2017). This experiment collected data from 20 young adults
who had to do a continuous color reproduction task in which
a variable number of color patches (from one up to eight)
appeared on the screen, and then participants had to report
the color of one of the patches on a color wheel. For each
set size, 100 trials were collected.

First, we estimated parameters for the three-parameter
mixture model from these data. Again, we start by setting
up the model object:

model 3pMM <- mixture3p(resp_error = “dev_rad”,

nt_features = “col _nt”,
set_size = “set_size”,
regex = TRUE)

We then specify the bmmformula so that all three param-
eters vary over set size and pass it together with the model
object and the data to the bmm function:

formula_3pMM <- bmf(kappa ~ @ + set_size + (@ + set_size || ID),
thetat ~ @ + set_size + (0 + set_size || ID),
thetant ~ @ + set_size + (@ + set _size || ID))

fit_3pMM <- bmm(
model = model 3pMM,
formula = formula_3pMM,
data = oberauer_lin_2017
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As for Example 3, we estimated the precision of mem-
ory responses (kappa) and both the proportion of target
and non-target responses (thetat and thetant) for all set
sizes. We also included random effects for all estimated
parameters for all set sizes. The results for the parameters
of the three-parameter mixture model are displayed in
Fig. 13. Consistent with the results from previous exam-
ples, we see that the probability of recalling the target
(Pmem) from memory reduces from small to large set sizes
(see Fig. 13A). Conversely, the probability of commit-
ting a swap error (p,,), that is, recalling one of the non-
target items, increased from small to large set sizes (see
Fig. 13B). Finally, the precision of memory responses
(kappa) decreases with set size (see Fig. 13D). These
results replicate the results reported by Oberauer et al.,
(2017; Fig. 20).

Neither the two-parameter nor the three-parameter mix-
ture model provides a strong theoretical foundation of the
processes underlying the mixture of different response dis-
tributions. The interference measurement model (IMM;
Oberauer et al., 2017) attempts to fill this gap by assum-
ing that the probability of recalling an item from one of
the different mixture distributions is determined by several
continuous sources of activation. Specifically, the IMM
separates background noise b from general activation a for
all items presented in the current trial, and context activa-
tion ¢ for memory items that are associated with the context
cued at retrieval. In the full IMM, it is additionally assumed
that context activation can be generalized to non-targets

model _imm_abc <- imm(

following a generalization gradient s that reflects the pre-
cision of cue—target associations on the context dimension
(for a more detailed description, please see Oberauer et al.,
2017). Howeyver, as the estimation of the s parameter requires
the additional information of spatial distance between target
and non-targets, and more data to be estimated with suf-
ficient precision, we will focus on the reduced IMM only
including the a, b, and ¢ parameter (i.e., the IMMabc).

Both the two-parameter and three-parameter mixture
models are special cases of the full IMM (Oberauer et al.,
2017). The IMMabc is mathematically equivalent to the
three-parameter mixture model and provides a re-parame-
terization of the recall probabilities into different sources
of activation. Additionally, discarding the general activa-
tion a from the IMM would result in a model equivalent to
the two-parameter mixture model. The main benefit of the
IMM over the two- and the three-parameter mixture mod-
els is that its parameters are grounded in an explanatory
model of visual working memory (Oberauer & Lin, 2017)
that provides parameters linked to specific activation sources
in working memory.

Fitting the IMM to data in bmm is very similar to fitting
the three-parameter or the two-parameter mixture model.
First, we set up the model object. For the IMM, there is an
additional version argument, to specify which version of
the IMM should be set up. The default version is the full
IMM. Here, we estimate the abc version and thus specify
this accordingly:

resp_error = “dev_rad”,
nt_feauters = “col nt”,
set_size = “set_size®,
version = “abc”,

regex = T)
Then, we specify the bmmformula indicating which
model parameters should be estimated depending on which
experimental conditions:
formula_imm_abc <- bmf(kappa ~ @ + set _size + (0@ + set_size || ID),
C ~ 0 + set_size + (@ + set_size || ID),
a~0 + set_size + (0 + set_size || ID))
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Again, we specify that the precision of memory
responses kappa and both the context activation ¢ and gen-
eral activation a should be estimated for all set sizes. We

fit_imm_abc <- bmm(model

again included random effects for all estimated parameters
for all set sizes.

Then, we can submit the model object and the bmmfor-
mula to the bmm function:

= model_imm_abc,

formula = formula_imm_abc,

data

= df_OberauerLin2017_E1)

The resulting parameter estimates of the IMMabc are
displayed in Fig. 14. Consistent with previous results, the
context activation (see Fig. 14A), that is, the strength of
the association between the color and the spatial location,
decreases with larger set sizes (see estimates of the full
IMM in Oberauer et al., 2017). The general activation
however remains constant across set size, indicating that
colors within each trial are held active at a similar activa-
tion level independent of set size. It is best to interpret the
estimated activations relative to the activation component
fixed for scaling. In this case, the background noise was
fixed to 1. Thus, estimates below 1 for the general acti-
vation indicate that these activations were lower than the
background noise (dotted red line in Fig. 14B), whereas
context activation was higher than the background noise
for most set sizes. Finally, as for the three-parameter
mixture model, the precision of memory representations
decreases with set size (panel C).

When comparing the results from the IMMabc to the
three-parameter mixture model results, there are sev-
eral things to note (for a model comparison via Bayes
factors of the IMMabc and the three-parameter mixture
model, see Appendix B): (1) The reduction in context
activation qualitatively resembles the reduction in the
Dmen Parameter from the three-parameter mixture model.
(2) Likewise, the estimates for the precision of memory
representations are practically identical for the IMMabc
and the three-parameter mixture model. However, (3) the
pattern of general activation indicates no change (if any-
thing, a reduction from small to large set sizes) whereas
Pswap increases with larger set sizes. This indicates that
the increase in swap errors is mainly due to the larger
number of items a target can become confused with
rather than each of the items having a higher activation.

In addition, the reduction in context activation also
reduced the difference in activation of the target relative
to non-targets.

All in all, this example has illustrated that estimating
the IMMabc is straightforward using the implementa-
tion in the bmm package. Currently, this implementation
per default fixes the background noise to 1 and freely
estimates all other IMM parameters. The bmm package
has also implemented the two other versions of the IMM
proposed by Oberauer et al. (2017).'% The “bsc” version
assumes that swap errors occur only as a function of
generalization on the context dimension and thus does
not contain the general activation component but esti-
mates the generalization gradient (s) instead. The “full”
version combines confusions as a function of similarity
on the context dimension, and confusions independent of
similarity by estimating both the generalization gradient
(s) and general activation (a). To estimate both these
models, users must additionally provide the names for the
variables coding the spatial distance between the target
and all non-targets when setting up the model object.
This is necessary for estimating the generalization gradi-
ent (s). An adapted model specification could look like
this:

12 Please see the “scripts/bmm_examples” folder on the GitHub
repository for examples implementing both the IMMbsc and the
IMMfull for Experiment 1 reported by Oberauer et al. (2017).
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model_imm <- imm(resp_error = “devRad®,
nt_feauters = “col_nt”,
nt_distances = “dist_nt“ ,
set_size = “set_size“,
regex = TRUE)

formula_imm <- bmf(kappa ~ @ + SetSize + (@ + SetSize || ID),
C ~ 0 + SetSize + (@ + SetSize || ID),
a ~ 0 + SetSize + (0 + SetSize || ID),
S ~ 0 + SetSize + (@ + SetSize || ID))

2

fit IMMfull mixMod <- bmm(
model = model_imm,
formula = formula_imm,

data = df_OberauerLin2017_E1

Customizing and extending models
implemented in bmm

The bmm package includes standard versions of the mixture
models and the interference measurement model that are
targeted for the continuous reproduction tasks often used
in visual working memory research. However, sometimes
researchers not only are interested in swap errors to other
items presented in the same trial but also want to investi-
gate proactive interference from previous trials or long-term
memory representations (for an example, see Bartsch et al.,
2024). In such cases, the proportion of swaps often needs
to be dissociated into swap to items presented in the current
trials and swap to items from previous trials or long-term
memory. This is something the current implementations of
the mixture models and interference measurement models
in bmm do not entail.

For implementing such models, researchers have to custom-
ize the models implemented in bmm. A starting point to get
an idea how that could be done is checking the brms code for
all examples above. Specifically, the online supplement has
code for the examples using the bmm package, and code for
all examples using only brms that shows how the specifica-
tion of these models would look without the bmm package.
For brevity, we will not elaborate on all aspects of the brms
implementations of these models. Instead, we want to point
to some resources that provide support. As mentioned above,
the manuscript by Bartsch et al. (2024) implements a mixture
model including swaps to long-term memory representations

@ Springer

based on the implementations we presented here and have
implemented in the bmm package. All code for the analyses
of this paper is shared and thus provides a good starting point
for customizing these models for nonstandard use cases.

In addition, users can access all the information compiled
by bmm that is then passed to brms (for a detailed introduction
see the vignette on the bmmformula). An easy way to achieve
this is to extract information from a bmmfit object returned
when estimating a model or creating a mock fit object for any
of the bmm models you might want to customize. To do this,
you can select “mock” as the backend and additionally specify
the two arguments “mock” and “rename” when calling the
bmm function:

ZL_mockfit <- bmm(
formula = ZL_formula,
data = zhang_luck_2008,
model = ZL_model,
backend = "mock",
mock=1, rename = F

This will create an empty fit object including all infor-
mation passed to brms but not containing any samples. The
three necessary elements that you need to extract if you
want to customize the models implemented in bmm are the
distributional family, the brmsformula, and the data. All
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Fig. 15 Illustration of the relationship between generalized lin-
ear models to cognitive measurement models. Generalized linear
models provide a distributional description of the observed data.
For example, accuracy data that can stem from a binomial process
with a certain number of trials and probability of success, or reac-
tion time data can stem from a lognormal distribution with a certain

these can be accessed from the mock fit object: the family
via ZL _mockfit$family, the brmsformula via ZL
mockfit$formula, and the data via ZL_mockfit$data.
Detailed code illustrating which functions are used to set
these up in the models we introduced here is provided in the
online supplementary material for all examples. Essentially
this code follows the five steps outlined in the section Setting
up a mixture model in brms. You will see that setting up these
models using only brms functions requires considerably more
code, especially for the three-parameter mixture model and the
interference measurement model. Finally, the webpage of bmm
contains detailed Developer Notes that describe how models
are set up in the package and what developers have to do to
integrate new models into the package. To ease this process,

mean and standard deviation. Cognitive measurement models provide
an additional decomposition of the distributional parameters, that is
probabilities of success, means, or standard deviations, into cogni-
tive processes assumed to underlie the observed behavior. This often
integrates several distributional parameters or additional information
about the experimental setup or stimuli

the package also includes a “use_model_template” function
that sets up all required files for a new model and provides
guidelines on all things that need to be specified.

General discussion

Measurement models of visual working memory have
become a popular and useful tool to decompose raw
behavioral performance in continuous reproduction tasks
into separate meaningful model parameters (Oberauer
et al., 2017). This tutorial described how researchers can
use the new bmm package to estimate the two-parameter
mixture model (Zhang & Luck, 2008), the three-parameter

N
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Fig. 16 Flowchart for the functionality of the bmm function. The user
only needs to pass their data and specify the model and formula in
the bmm function; the bmm package then takes care of some checks,

configuring the model and specifying reasonable default priors, and
then passes the compiled information to brms
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mixture model (Bays et al., 2009), and the interference
measurement model (Oberauer et al., 2017) in a hierar-
chical Bayesian framework. The bmm package builds on
brms—arguably one of the most popular and powerful R
packages for Bayesian regression modeling—and aims to
makes it as easy and accessible to specify and estimate
these models in a Bayesian hierarchical framework. Given
the close integration with brms, users can use much of the
functionality integrated in brms for evaluating the models
in bmm. Additionally, we provide a GitHub repository with
well-documented code for each of the five examples using
both bmm and brms to implement the different measure-
ment models, which can be a useful learning tool. The
five examples we presented demonstrate the flexibility of
these implementations. Any model that can be specified
with the bmmformula syntax can be estimated—including
single and multifactorial designs, within- and between-
subject designs, continuous and categorical predictors, and
various random effect structures. In contrast to the typical
two-step maximum likelihood procedure, researchers can
predict different model parameters as a function of differ-
ent conditions, rather than allowing all parameters to vary
across all conditions.

When estimating mixture models with bmm or brms,
users should keep several important things in mind:

¢ All responses and item values should be coded in radians,
not degrees.

e The response variable should contain the response error,
i.e., the response relative to the target.

e If estimating the three-parameter model or the interfer-
ence measurement model, you need to provide the values
of the non-target items, relative to the target item. For
the “bsc” and “full” version of the IMM, you need to
additionally provide the spatial distance of non-targets
to the target.

e For efficient estimation, brms transforms the kappa and
probability parameters (as we explained in the section
Explanation of model parameters and specifying the
model formula). The output of the estimated model (via
the summary() function) presents these transformed
parameters. Thus, you need to reverse the transforma-
tion by exponentiating kappa values and putting thetat
and thetant through the softmax transformation in order
to obtain the probabilities associated with different dis-
tributions (see the examples on GitHub for some post-
processing routines).

e Before interpreting the estimated parameters, it is impor-
tant to check convergence of the MCMC sampling and
examine the overall fit of the model (e.g., by visual
inspection of the predicted versus the observed data).

e For statistical inference, you could either use the highest-
density intervals of the parameter estimates or, alterna-
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tively, obtain Bayes factors by comparing posterior prob-
abilities with prior probabilities (Wagenmakers et al.,
2010) for specific hypotheses or by comparing models
with and without the predictor of interest (Gronau et al.,
2018; Kruschke, 2011; Rouder et al., 2012).

Implications for individual differences
research

An important aspect of using cognitive measurement models
is obtaining process-level indicators of individual differences
and integrating them into correlational analyses (Frischkorn
& Schubert, 2018; Frischkorn et al., 2022a, 2022b). The
inclusion of random effects naturally integrates the estima-
tion of individual differences as random effects over subjects,
just the way we implemented them in all examples above. If
researchers are interested in which parameters show credible
individual differences, they could simply compare a model
including random effects over subjects for a parameter of
interest to a model not including the random effects. This
is actually something that has been recommended to avoid
biases in inferences about experimental effects in cases of
a mis-specified random effects structure (Oberauer, 2022).

The benefit and challenge in using Bayesian estimation
techniques for individual difference research is that unlike
maximum likelihood estimation techniques, they do not
return a single estimate for subject-level parameters, but a
full posterior distribution. On the one hand this provides a
more adequate representation of uncertainty in subject-level
parameter estimates; on the other hand, it requires some
additional consideration in the subsequent use of subject-
level parameter estimates in correlational analyses. In addi-
tion, the inclusion of shrinkage can result in a suboptimal
fit of estimated model parameters to data of a single sub-
ject. Although this might seem less than ideal, the shrink-
age included in hierarchical modeling frameworks reduces
estimation error and improves the recovery of subject-level
parameters, although it occasionally might not fit the data
of each individual subject perfectly (see the Appendix for
a comparison of hierarchical versus subject-wise parameter
recovery). In fact, hierarchical modeling techniques often-
times can yield good parameter recovery with less data per
subject (Vandekerckhove et al., 2011).

With respect to the question of how to deal with the full
posterior distribution for subject-level estimates, there are
two options that adequately deal with the uncertainty of
subject-level parameter estimates:

1. Users can include covariates directly into the bmmfor-
mula and predict variations in model parameters by
external covariates just like in any other hierarchi-
cal regression model. It is important to note that the
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regression weights reflect unstandardized regression
weights that depend on the estimated standard devia-
tion over subjects for the respective model parameter
(see Frischkorn, von Bastian, et al., 2022a; Frischkorn
& Oberauer, 2024).

2. Users can draw a set of random samples (typically 100
up to 1000) from the posterior of each subject-level
parameter and enter them into traditional covariance
analysis techniques (e.g., correlation, regression, or
structural equation modeling), repeating the model esti-
mation with each set of random samples of the subject
estimates. This will provide an adequate approximation
of the posterior of the correlation to external covariates
(for an example, see Frischkorn & Oberauer, 2024; Rey-
Mermet et al., 2021).

For a quick analysis of relations to external covariates,
users can also extract a measure of central tendency for each
subject-level parameter (e.g., the posterior mean or median)
and use these in correlational analyses. However, this again
reflects a two-step analysis approach that will underestimate
the standard error of regression weights or correlation coef-
ficients and thus lead to inflated alpha-error rates. Never-
theless, the estimated effect size is typically not affected by
this two-step approach. Thus, this approach can serve as an
adequate approach for approximating the size of relation-
ships, but not their credibility.

In sum, the implementations of cognitive measurement
models presented here provide excellent estimation tools for
individual differences research. Users can extract subject-
level parameter estimates from all models including ran-
dom effects over subjects and propagate the uncertainty in
subject-level parameter estimates through different analysis
techniques by sampling from the posterior or directly includ-
ing covariates in the model. Furthermore, the integration of
structural equation models in brms is currently underway
so that a combined multilevel-structural equation modeling
approach for individual differences might be available for the
cognitive measurement models implemented here as soon as
this is integrated in brms.

Theoretical considerations

Computational models of memory and cognition are often
split into two classes: measurement models and process
or explanatory models. Both types of models decompose
behavior into separate meaningful parameters, but in con-
trast to process models, measurement models typically do not
provide mechanistic explanations for differences in experi-
mental conditions. Instead, measurement models allow their
parameters to vary across experimental conditions to account
for these differences. Nonetheless, measurement models

provide considerable benefits (Farrell & Lewandowsky,
2018; Frischkorn & Schubert, 2018; Frischkorn et al.,
2022a, 2022b; Oberauer et al., 2017). They decompose the
observed behavior into meaningful parameters and provide
a theoretically grounded interpretation of these parameters.
Thus, measurement models enable researchers to evaluate
experimental effects on the level of these parameters instead
of the behavioral responses, providing a more fine-grained
perspective with respect to the potential inference.

In particular, the interference measurement model is
linked to a more complex explanatory model of visual work-
ing memory (Oberauer & Lin, 2017, 2023) and thus inher-
its some of the mechanistic processes implemented in this
model. Therefore, its parameters can be interpreted in terms
of theoretical processes or activation sources for which the
contribution to observed behavior is clearly specified. The
fact that both the two- and three-parameter mixture model
are mathematically equivalent to special cases of the inter-
ference measurement model additionally highlights that
these models themselves do not provide evidence in favor
of either slot (Adam et al., 2017; Ngiam et al., 2022; Pratte,
2020; Zhang & Luck, 2008) or resource accounts (S. Ma
etal.,2022; W.J. Ma et al., 2014; van den Berg et al., 2014)
of working memory. Therefore, in fitting a two-parameter
mixture model, you should not assume that visual working
memory is limited by slots. To do so, additional assumptions
would have to be added to these models (e.g., memory preci-
sion following a specific function across set sizes) to account
for theoretical ideas put forth by slot or resource accounts of
visual working memory. Additionally, the fact that the IMM
assumes continuous activations underlying the retrieval of
memory representations adds a third account to the explana-
tion of capacity limits in visual working memory, the bind-
ing hypothesis that assumes that capacity limits a person’s
ability to form and maintain bindings (Oberauer, 2021).

Although the different measurement models introduced
in this paper are linked to different theoretical perspectives,
the goal of this paper is not to discuss and compare these
theoretical models of working memory. Therefore, we delib-
erately did not weigh in on the discussion regarding which
of the different measurement models is considered superior
and better supported by empirical data, except for illustra-
tion purposes, and refrained from an in-depth explanation
and discussion of theoretical advantages and disadvantages
of these models. Instead, we pointed to relevant resources
where necessary.

The goal of this tutorial was to introduce the implementa-
tion of three measurement models for continuous reproduc-
tion tasks in brms and introduce the bmm package that aims
to facilitate the use and application of these measurement
models. We hope that the implementations we introduced
here will enable more researchers to compare these different
models and contribute towards the evaluation of benefits and
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problems of these different measurement models. Gener-
ally, we think that analyzing data on the level of cognitive
processes will provide more refined insights into the effects
of different experimental manipulations and advance our
field towards a more comprehensive explanation of work-
ing memory and its limited capacity.

Towards a broad range of easy-to-use
cognitive measurement models

This tutorial is deliberately limited to mixture models that
provide measurement models for continuous reproduction
tasks. Obviously, research on visual working memory and
working memory more generally uses a broad range of dif-
ferent tasks, procedures, and materials, such as change detec-
tion paradigms, and digits, letters, or words as memoranda.
Although it is reasonable to assume that the distinction
between recall from memory, random guessing, and variable
precision or strength of memory representations should be
relevant across a broad range of tasks (Oberauer & Lewan-
dowsky, 2019; Oberauer & Lin, 2023), modeling behavioral
responses in change detection tasks (Lin & Oberauer, 2022;
Robinson et al., 2023) or tasks using discrete stimulus mate-
rial requires entirely different implementations of these con-
cepts (see, for example, Oberauer & Lewandowsky, 201 9).13
Similarly, other recently proposed measurement models for
continuous reproduction tasks, such as the target competi-
tion confusability model (TCC; Schurgin et al., 2020) and
the signal discrimination model (SDM; Oberauer, 2021),
do not use a continuous distribution, such as the von Mises
distribution, to model the recall error in continuous repro-
duction tasks and instead introduce several additional steps
and different distributional assumptions.'* Therefore, we felt

13 First, the underlying response distribution for these tasks is dif-
ferent: In change detection tasks, responses follow a binomial dis-
tribution, whereas with discrete stimulus material, responses follow
a multinomial distribution of different responses or response catego-
ries. Second, these different response distributions necessitate a dif-
ferent translation of the assumed cognitive states a person might be
in, into the observed responses (Lin & Oberauer, 2022). Due to these
complications, we restricted ourselves to mixture models for contin-
uous reproduction tasks that all share the von Mises distribution as
response distribution and assume that behavioral responses represent
a mixture of different von Mises distributions.

14 Specifically, they assume a continuous activation function (either
a Laplace or a von Mises distribution) for the responses around the
circle and model recall as a competitive selection of all 360 responses
possible on the color wheel. Formally, this resembles a multinomial
response distribution for which the probability of selecting the differ-
ent response options is derived as a function of the continuous acti-
vation function. The dependencies in the probabilities of recalling
neighboring response options is introduced by the continuous activa-
tion function but not included in the response scale being continuous.
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that to keep this tutorial accessible and limited in length, it
was best to focus only on a set of models that use similar
distributional assumptions.

Nonetheless, the setup of the bmm package provides the
foundation for the implementation of a broad range of cogni-
tive measurement models, while still retaining the accessible
and easy-to-use features that we highlighted in this tutorial.
On a more abstract level, the implementations for the meas-
urement models we presented here illustrate that cognitive
measurement models can be specified as an extension of
distributional models of observed data (see Fig. 15 for an
illustration). Previous research has already highlighted the
benefits of more closely aligning the modeling of behavio-
ral data with distributions that more adequately resemble
core features of the observed data (Haines et al., 2020). For
example, instead of modeling aggregated reaction times with
standard Gaussian models, using generalized linear mixed
models assuming the data to follow a lognormal or inverse
Gaussian distribution dramatically improves the inference
and strengthens the conclusion that can be drawn from the
analyses. The core insight of the implementations presented
here is that many cognitive measurement models can often
be specified as distributional models for which the distri-
butional parameters of the generalized linear mixed model
are a function of cognitive measurement model parameters
(again see Fig. 15 for an illustration). These functions that
translate the cognitive measurement model parameters into
distributional parameters are what we essentially imple-
mented for the three measurement models discussed in this
tutorial.

To avoid the need for researchers to code the translation
functions of cognitive model parameters into distributional
parameters themselves each time they want to use a specific
model, we developed the bmm package. Additionally, the
bmm package also performs some additional checks for the
data provided with the model, specifies reasonable priors
for the different model parameters, and ensures that model
estimation runs as efficiently as possible. In this way, data
can be analyzed on the level of latent cognitive processes
instead of observed behavior. For this, you only have to
specify the linear model formula predicting which of the
cognitive model parameters vary as a function of experi-
mental manipulation and select the appropriate model to be
fit in the bmm function (see Fig. 16).

As of now, the bmm package allows fitting only a limited
set of cognitive measurement models. The version released
on CRAN includes the three mixture models introduced
in this tutorial, as well as the signal discrimination model
(Oberauer, 2021). The current development version that is
available via GitHub also includes the memory measurement
model (Oberauer & Lewandowsky, 2019) for categorical
responses. Prospectively, we plan to extend the bmm package
with implementations of measurement models for a broader
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range of tasks, such as signal detection models (DeCarlo,
1998; Vuorre, 2017), additional recent models for continu-
ous reproduction tasks (e.g., the TCC; Schurgin et al., 2020),
and models for reaction time data (Annis et al., 2017; Pefa
& Vandekerckhove, 2024), while still retaining the easy and
accessible usability we presented here. But given the addi-
tional coding work required for these implementations, the
time it would take to explore them, and an in-depth introduc-
tion on how to use these models, this was beyond the scope
of this tutorial. Instead, this tutorial constitutes the first step
in the development of a more general and broadly applicable
package aiming to facilitate the use and application of cogni-
tive measurement models in psychology in general.

Conclusion

We have demonstrated how to implement and estimate
three different kinds of mixture models for visual work-
ing memory tasks in a newly developed R package for
Bayesian measurement models, bmm. We also elaborated
how these implementations can be performed using the R
package brms without relying on any additional functions
from the bmm package. To enable a better understand-
ing of our examples, we share R code for both the imple-
mentation in brms without relying on bmm functions and
the implementation using the bmm function in a GitHub
repository. We hope that these implementations will ena-
ble more researchers to fit hierarchical Bayesian mixture
models, and in particular the interference measurement
model, to visual working memory tasks with continuous
reproduction recall. We are curious to see how the benefits
of the current implementation—for example, the possi-
bility to predict parameters of the implemented models
by continuous predictors (e.g., confidence ratings or rat-
ings of task focus in mind-wandering research)—will aid
researchers in gaining insight into questions that could not
be addressed with other implementations of these meas-
urement models so far.
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